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Abstract 

This paper investigates wave-equations on spacetimes with a metric 
which is locally analytic in the time. We use recent results in the the- 
ory of the non-characteristic Cauchy problem to show that a solution 
to a wave-equation vanishing in an open set vanishes in the "envelope" 
of this set, which may be considerably larger and in the case of time- 
like tubes may even coincide with the spacetime itself. We apply this 
result to the real scalar field on a globally hyperbolic spacetime and 
show that the field algebra of an open set and its envelope coincide. As 
an example there holds an analog of Borchers' timelike tube theorem 
for such scalar fields and hence, algebras associated with world lines 
can be explicitly given. Our result applies to cosmologically relevant 
spacetimes. 

Mathematics Subject Classification (2000): 81T05, 81T20, 35L05, 35L10, 
34A12. 
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1 Introduction 



Since the canonical quantization procedure of fields requires a "frequency 
splitting" with respect to the time, the absence of a timelike symmetry group 



in general curved spacetimes causes severe problems (see [35], [16| ) in the con 



struction of quantum fields. The nature of these problems becomes particu- 
larly clear in the algebraic formulation of quantum field theory (||18||), where 
an algebra of observables A{0) is associated to each region O in spacetime. 
Specializing to the Klein-Gordon field the local C*-algebras A{0) can be 
constructed in a similar manner as in Minkowski spacetime (see Jl4]]) and 
the problem reduces to finding the class of physical states. This is usually 
achieved by choosing a physically preferred state, the vacuum. The construc- 
tion then gives a net of local von Neumann algebras the normal states being 
the physical ones. We favour the C*-algebraic approach since our result is 
most easily stated using the local von Neumann algebras. It is also common 
to use *-algebras or the Borchers-Uhlmann-algebra of test functions (@) to 
define Quantum fields on curved spacetimes (e.g. J7], [25|, [28], [31], [3(], |llj)- One 
may pass from these approaches to the C*-algebraic in the same manner as 
in Minkowski spacetime. 

For Wightman-fields in Minkowski spacetime it is known that the field alge- 
bra of a timelike tube is equal to the field algebra of the causal completion of 
this tube (f|). This may be derived (see ||) from a mean value theorem by 
Asgeirsson (|| [J) and one of its consequences, namely that a solution to the 
wave equation vanishing in such a tube, vanishes in the causal completion 
of this tube (see p^j ). As far as more general spacetimes are concerned the 
author showed recently that a similar result holds for stationary spacetimes 
and quite general free fields ([^). Namely the field algebra associated with 
a non-void open set which is invariant under the time translation is equal 
to the quasilocal algebra. This result was used there to prove the Reeh- 
Schlieder property of vacuum-like states. The question arises whether such 
a result holds for more general spacetimes. As we will see this question is 
strongly related to the timelike Cauchy problem for second order hyperbolic 
partial differential equations. In the case of analytic coefficients on an an- 
alytic manifold Holmgrens' uniqueness theorem (see e.g. [^1|]) states that 
there is unique continuation of solutions across any non-characteristic hy- 
persurface. Relaxing however the condition of analyticity, counterexamples 
show that the Cauchy problem for timelike surfaces is ill posed in the gen- 
eral case of partial differential equations with smooth coefficients (see e.g. 
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3D, [T[| and references therein). Even for the wave operator □ = — A in 
Minkowski spacetime it is known (see ||) that there exists a smooth function 
u such that there is a solution <fi to the equation 

n<f) + ucf) = o 

which has support equal to a half-space with timelike boundary. It was quite 
recently shown by Tataru in |33| and further generalized by Hormander in 



[22 1 (see also [29]) that under partial analyticity assumptions one still has 
unique continuation of solutions across non-characteristic surfaces. We give 
some global consequences of these unique continuation results. After defin- 
ing an envelope of uniqueness £{0) of an open subset O of the spacetime we 
show that a solution to a wave equation vanishing in O vanishes in £{0). 
This envelope may be considerably larger than the original set and in partic- 
ular in the case of small open neighbourhoods of inextendible timelike curves 
the envelope may coincide with the whole space. We investigate the con- 
sequences of these results for the real scalar field on curved spacetimes and 
show that the field algebra associated with the open set coincides with the 
field algebra associated with its envelope. The class of spacetimes considered 
here includes a large variety of physically relevant spacetimes, like cosmolog- 
ically interesting Robert son- Walker spacetimes. We give an example of how 
the algebras associated with timelike curves can be explicitly given in curved 
spacetimes. 



2 Causal structure of spacetimes 

In the next two subsections we review the most important definitions and 
results about the causal structure of spacetimes. Details can be found in 
19| , \ 27\ \ and references therein. In the last two subsections we define what 



we mean by the "envelope" of an open set. To do this we need to introduce 
the space of timelike curve-segments endowed with an appropriate topology. 



2.1 Spacetimes and Causality 

We assume we are given a smooth connected manifold M (Hausdorff and 
second countable) of dimension n > 2 with a smooth metric g of Lorentzian 
signature. We assume in addition that M is oriented and time-oriented. 
In this case we say that M is a spacetime. For a subset S we define the 
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chronological future/past / ± (5) of S to be the set of points in M that can be 
reached by future/past directed timelike curves [} We define the future/past 
domain of dependence D ± (S) of a subset 5cMas the set of points p in M 
such that every past/future inextendible causal curve through p intersects S. 



The domain of dependence D(S) is the union D + (S) U D~(S) (see ]l7j for 
a review). The causal complement O 1 - of an open set O is the set of points 
which cannot be reached by causal curves from O. The causal completion of 
O is ±J -. 



2.2 Globally hyperbolic manifolds 

A set S is called achronal if every timelike curve intersects S at most once. 
A spacelike hypersurface C is called Cauchy surface if it is achronal and 
D(C) = M. In case there exists a Cauchy surface the manifold M is said 
to be globally hyperbolic. An open subset O C M is said to be globally 
hyperbolic if (0,g\o) is globally hyperbolic as a spacetime in its own right. 
Note that for an achronal set S the open set int(Z)(«S)) (if non-empty) is 
globally hyperbolic. 



2.3 Space of timelike curve-segments 

We define curve-segments to be maps from compact intervals in R into 
M which are restrictions of curves defined on a larger interval. We say a 
curve-segment is timelike if it is the restriction of a timelike curve. For two 
points p, q G M let C (p, q) the set of all smooth timelike curve-segments 
7 : [0, 1] — > M with 7(0) = p and 7(1) = q. These sets are commonly used 
to investigate properties of globally hyperbolic spacetimes (see e.g. |13|, 
Curve-segments in different parametrizations are identified. We introduce on 
C(p, q) a C 1 -topology in the following way: First we endow M and TM with 
complete Riemannian metrics. We parameterize all curve-segments propor- 
tionally to their arc-length in the metric on M. The derivation of a curve- 
segment 7 with respect to this parameter gives a curve-segment 7 in TM. 
We now define a metric on C (p, q) in the following way 

^(71,72)= sup dist(7i(t),7 2 (t)), (1) 
te[o,i] 

curves we always mean maps from open intervals in R into M. 
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where dist(x, y) denotes the Riemannian distance between the points x and 
y in TM. One checks that the corresponding topology is independent of the 
Riemannian metrics chosen on M and TM. 

Given a smooth timelike curve-segment 7 joining p and q we denote by 
Co{p, q, 7) the connected component of 7 in C(p, q). We define the two sets 

/(P,ff):= U ^((O' 1 ))' ( 2 ) 

hfaq,l)'= |J 7((0,1)), (3) 

76C (p,(J,7) 

i.e. the set of points which are met by the curves 7|(o,i) with 7 in C(p, q) or 
Co(p,q,j) respectively. One has the following properties 

Proposition 2.1. 

1. I(p, q) coincides with I + (q) H I~(p) in case p is in the future of q. 

2. I(p,q) and Iq{p, q, 7) are open subsets of M . 

3. I(p, q) and Io(p, q, 7) are invariant under conformal transformations of 
the metric. 

Sketch of Proof. The definitions of I(p, q) and Io{p, q, 7) depend only on the 
causal structure of the spacetime. Therefore, the sets are invariant under 
conformal transformations of the metric. The fact that Io(p, q, 7) and I(p, q) 
are open follows from the causality properties of the tangent space and the 
properties of the exponential map (see in particular P7 ], Lemma 33). If p is in 



the future of q and x G I + {q) nl~(p) then one can again use the exponential 
map exp x : 7 ',. \ I — * O C M to construct a smooth timelike curve through x 
joining p and q. □ 
In Minkowski space Io(p, q, 7) and I(p, q) coincide, this need not be the case 
however in general, even if one restricts the class of spacetimes to the globally 
hyperbolic ones. A simple expample is given by the 2-dimensional cylinder 
R x S 1 with metric dt 2 — dcf 2 . The curves 71 and 72 (see figure |I|) cannot be 
deformed continuously into one another and the set Iq(p, 5,71) (the shaded 
region) is different from I(p,q) since it does not contain j 2 - 
For later considerations we need the following lemma. 
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Figure 1: Right and left edge are identified, I(p,q,ji) ^ I(p,q) 



Lemma 2.2. Let M be an n- dimensional spacetime and p,q G M. Given a 
curve-segment 7 G C(p,q) there is an open neighbourhood O 0/7QO, 1]) such 
that the following holds 

• There is a surjective local diffeomorphism^ f : X X B n ~ l — > 0, where 
B n ~ l is the open unit-ball in W 1 ^ 1 and IcKa finite open interval. 

• for each point x G B n ~ l the curve X — > M, t — > f(t,x) is timelike. 

If 71 G C(p,q) is sufficiently close to 7 m t/ie C 1 -topology we can choose O 
and f in such a way that the curve X — > M, t — > f(t,0) is an extension of 
7i- 

Sketch of Proof. We extend the curve-segment 7 to a timelike curve 7 : / — ► 
M, where J C M is an open interval containing [0, 1]. We choose another open 
interval X in J which is relatively compact and still contains [0, 1]. Note that 
7 is an immersion. This means that locally 7 is an imbedding and we can 
form the conormal bundle T^I over I together with a natural immersion 
C from T^jl into T*M. We use an arbitrary Riemannian metric on M to 
identify TM and T*M. Then the exponential map defines a smooth map 

2 We say a map / : M — » N is a local diffeomorphism if for each point x € M there is 
a neighbourhood 9 x such that f\o : O — > /(O) is a diffeomorphism. 
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T*M D Oq — > M, where O is an open neighbourhood of the zero section. 
The map j = exp o ( is well defined in a neighbourhood of the zero section in 
Tfjl = I x R n_1 . Moreover it has full rank at the zero section and the curve 
RDf^ j (t, 0) is timelike. Hence, there exists a neighbourhood 0\ C T^I 
of the zero section such that j\o 1 is a local diffeomorphism and such that for 
all points p G 0\ the push-forward j*(d t )(p) is timelike, if t is a coordinate 
for /. Since X C / is relatively compact in I there is an e > such that 
the bundle of open balls in T^X C T^I with radius e is contained in 0\ and 
is relatively compact in 0\. Hence, j restricts to a map / from a set of the 
form X x B 71 ^ 1 onto some open neighbourhood of 7QO, 1]). This map is a 
local diffeomorphism and moreover, by relative compactness of X x B n ^, 
the Lorentzian length of the tangent vectors of the curves j x : t — > f(t,x) is 
uniformly bounded from below by some 5 > 0. 

One shows that for a curve-segment ct sufficiently close to j\x there is a 
unique curve-segment a : X — > such that a — f o a, where d is the 

curve-segment X — > X x 5 n_1 , t — > (t,<5). Given a we can define a map 

/i : X x -> X x B n -\ (t, x) -> (t, + 

and it is clear that /1 := / o /i is an immersion. It is easy to check that 
the differential dfi\ p depends continuously on the choice of at and the point 
p E X x B n ~ l . Remember that we had the length of the tangent vectors 
of the curves 7^ uniformly bounded from below by a 5 > 0. Therefore, for 
a sufficiently close to ~/\x, the curves 7^1 : t — > fi(t,x) are timelike for all 
x G B" 1 ^ 1 . We can choose a as an extension of 71. One checks that the open 
set O := In^/i) and the local diffeomorphism fi : X x — > (9 have all 
the desired properties. □ 

2.4 The envelope of an open set 

Suppose now we are given an open subset O of M. We define the envelope 
£(0) of O to be the smallest set containing O with the following properties: 

1. If an open subset U C M is globally hyperbolic and S is a Cauchy 
surface for U which is contained in £(0) then U C £(0). 

2. For each timelike curve-segment 7 G C(p,q) such that 7QO, 1]) is con- 
tained in £(0) the set 7 (p, Q, 7) is contained in £(0). 
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Our definition follows |I3 and ||, where such an envelope was defined for 



open sets in Minkowski spacetime, instead of lines we use however arbitrary 
timelike curves. Note that the envelope is well defined, since the intersection 
of two sets with the listed properties has again these properties. One checks 
that the causal completion always fulfills 1 and 2 and hence, £{0) C 
±J -. Furthermore £(0) is open, since if a set satisfies 1 and 2 this is true 
for the interior of this set as well. 



3 Unique continuation and the envelope of 
uniqueness 

In this section (M, g) will be an n-dimensional spacetime. 

Definition 3.1. We say a family of tensors (fi) is locally analytic in the 
time if for each point p G M there is an open neighbourhood O and a chart 
u : O C R n with coordinates (xq, x±, . . . , x n _i) mapping p to such that 

• in coordinates the local vectorfield d xo is timelike. 

• the components of the tensors fi in the coordinate basis viewed as func- 
tions on IA are analytic in xq in a neighbourhood of 0. Hence, they are 
defined on {(z,x) G C x ]R n_1 ; \z\ < r, \x\ < r} for some r > 0. 

If H is a hypersurface defined as the zero set of a smooth local function 
h : M D IA — ► R we say there is unique continuation for a class of distributions 
T across that hypersurface H if the following is true for each point x G H: if 
there is a neighbourhood O of x in U such that g G T is zero in the open set 
{y G O; h(y) < 0} then x is not in the support of g. Specializing the results 
in |33[] and in particular in |22| (the theorem and the remark in section 5) to 
the case of second order differential equation with metric principal part, we 
get that as soon as the coefficients of such a differential equation are locally 
analytic in the time there is unique continuation of distributional solutions 
across any non-characteristic hypersurface. This result is local and we will 
study now the global consequences. 

Denoting by V the Levi-Civita connection, the wave operator D s is given 
by g l VjVfe . The Klein-Gordon equation with mass m > and coupling 
k£| reads 

(p g + m 2 + KR)ip = 0, (4) 
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M M 

Figure 2: Geometrical idea underlying the proof of theorem [372 



where R is the scalar curvature. We treat a more general form of equation 
and show the following. 

Theorem 3.2. Let ip G V(M) be a solution to the wave equation 

(n g + a k (x)d k + V(x))iP = 0, 

where a is a smooth vector field and V a smooth potential. Assume that the 
family of tensors (g,a,V) is locally analytic in the time. If ip vanishes in an 
open set O, then it vanishes in the envelope £{0) of this set. 

Proof. A distributional solution on a globally hyperbolic manifold U van- 
ishing in a neighbourhood of a Cauchy surface S vanishes in U. This is a 
general property of hyperbolic wave equations (see e.g. |7j| [15], Q). We will 
show, that if a solution vanishes in a neighbourhood O of 7([0, 1]) for some 
7 G C(p,q), p,q G M then it vanishes in the set Io(p, q, 7). Let V be the open 
subset of Cq(p, q, 7) consisting of curves 7 such that supp ijp) is disjoint from 
some open neighbourhood of 7QO, 1]). We show that the boundary dV of V 
is empty. Thus V is open and closed and therefore coincides with Co(p, q, 7). 
Suppose the boundary dV of V were non-empty and let 71 be a curve-segment 
in dV. This implies that there is a point x G supp (ip) which is met by 71 
(see also figure Q). Since 71 G dV there is a curve-segment 72 G V which is 
sufficiently close to 71, so that we can choose an open neighbourhood 0\ of 
7i([0, 1]) and a local diffeomorphism f : M.D X x B n ~ l — > 0\ with the prop- 
erties listed in lemma |272| , in particular such that 7 2 ([0, 1]) C f{X x {0}). 
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We may even choose / and 0\ such that / has a continuous extension / 
to X x B n - 1 with J{dX x B* 1 ' 1 ) C 6. Then there exists an open ball 
B] l r x with radius < r < 1 such that X x B^ 1 n / _1 (supp(^>)) = and 
Y := S r n / _1 (supp(^)J ^ with S r :=Ix We take a point y e Y 

and a neighbourhood O of ?/ such that /l^ is a diffeomorphism onto an open 
neighbourhood of f(y). Because / has the properties listed in lemma [T2] (in 
particular the second property), the smooth hypersurface f(S r fl O) is time- 
like and hence non-characteristic. Therefore there is unique continuation for 
solutions across this surface. The solution if) vanishes on /((X x B^ 1 ) fl O) 
and by unique continuation the point f(y) cannot be in supp (■?/>) which is a 
contradiction. Hence, dV is empty. 

Since the envelope £ (O) is the smallest set containing O with the properties 
that have now been shown for the complement of supp(^), it follows that if) 
vanishes on E(0). □ 

In case the metric tensor is locally analytic in the time the Klein-Gordon 
equation for mass m and coupling k satisfies the assumptions of the above 
theorem. 

Example 3.3. If (S, h) is a complete connected Riemannian manifold and 
f : I — > M + is a smooth positive function on an interval I C 1 then the 
manifold M := I x S with metric g := dt ® dt — f(t)h is a globally hyper- 
bolic spacetime. In case S has constant curvature such spacetimes are called 
Robertson- Walker spacetimes. If f is analytic the metric tensor is locally 
analytic in the time. Examples are the Friedmann models (see e.g. for 
details). 



4 The real scalar field on a globally hyper- 
bolic spacetime 

In this section we recall the construction of the real scalar field on a globally 
hyperbolic spacetime M. The Klein-Gordon operator for mass m > and 
coupling k is: 

P := D g + m 2 + K R. (5) 

This operator acts on the real- valued smooth functions with compact support 
C^°(M, M). It has unique advanced and retarded fundamental solutions (see 
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f2§) A ± : C£°(M,R) -> C°°(M,R) satisfying 

PA ± = A ± P = id on C °°(M, R) , 

supp(A ± /) c J ± (supp(/)) . 

With A := A + — A~, a(fi, f 2 ) : = f M fiA(f 2 )w defines an antisymmetric 
bilinear form on C£°(M, R) x C^°(M, R), where w is the pseudo-Riemannian 
volume form on M. Defining W := C^°(M, R)/ker(A) with quotient map rj, 
the bilinear form cr(T)(fi),r)(f2)) '■= cK/1,,/2) on W is symplectic. The field 
algebra T is defined to be the CCR-algebra CCR(W, a) (see f2|, g§ [HJ). 
This is the C*-algebra generated by symbols W(v ) with v G W and the 
relations 

= (6) 
W^(vi)W^(v2) = e^ 1 '^ 2 !^! + v 2 ). (7) 

We define for each open subset O C M the local field algebra T{0) C T 
to be the closed *-subalgebra generated by the symbols W(rj(f)) with / G 
C °°(O,R). 

It was shown in [|TJ] that there is a canonical representation r of the group 
of isometries G of M by Bogoliubov automorphisms of J 7 and the net (9 — > 
T{0) has the following properties: 

1. Isotony: d C C 2 implies ^(Ci) C :F(£> 2 ). 

2. Causality: if d C 0^, then [^(d), ^(C 2 )] = {0}. 

3. Covariance: T{q)F{0) = F{qO) Vg G G. 

Moreover, JF is the quasilocal algebra of the net O - 
Assume that we are given a scalar product fi on W 
satisfies the estimate 

|o"Ol,^2)| 2 < 4:fJ l (v 1 ,Vi)fJL(v 2 ,V 2 ) vi,v 2 G W. (8) 

In this case the linear functional : T — > C, defined by 

^(W^)) := e"^'^ 2 u G W, (9) 

is a state (see ]23], |24|, |I0||). The states over T which can be realized in 
this way are called quasifree states. A quasifree state gives rise to a one 
particle structure (Proposition 3.1 in f2H}]), that is a map : W — > to 
some complex Hilbert space such that 



-+F{0). 

which dominates a, i.e. 
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1. the complexified range of K^, (i.e. K^W + iK^W), is dense in H^, 

2. (K^i, K^v 2 ) = fi(vi, v 2 ) + %<t(vi,v 2 ). 

This structure is unique up to equivalence. A one particle structure (K^, H^) 
for a quasifree state allows one to construct the GNS-triple (7T W , W^, Qm ) 
explicitly (see |24], |10|)- Namely, one takes 7i u to be the bosonic Fock 
space over with Fock vacuum fi^ , and defines the representation by 

^ui^{W{v)) = exp(—(a*(K^v) — a(K^v))), where a*(-) and d(-) are the usual 
creation and annihilation operators. One has the following (see e.g. ||, 
Proposition 3.4 (iii)): 

Proposition 4.1. Letu^ be a quasifree state over the C* -algebra T = CCR(W, a) 
and let (tTu, , , fi w ) be its GNS-triple. If V C W is a subspace which is 
dense in W in the topology defined by \i, then the *-algebra generated by the 
set 

{n^(W(v)),vEV}Cn^) 
is strongly dense in the von Neumann algebra tt u (J 7 )" . 



Definition 4.2. Let T be the field algebra of the real scalar field with mass 
m > and coupling k. We call a quasifree state over T continuous if the 
2- point function u>2("> •) := K^r](-)) is a distribution in T>'(M x M). 

Given a continuous quasifree state uj^ we can construct the net of von Neu- 
mann algebras O — > jF{0) := 7r u (^(O))" . This assignment is isotone, causal 
and covariant, and there is a unique a- weakly-continuous representation f of 
G on T = n^^i^J 7 )" which extends r. The net gives rise to a quantum field 
theory on M. 



5 The local structure of the real scalar field 

Theorem 5.1. Let M be a globally hyperbolic spacetime with a metric which 
is locally analytic in the time. Let O — > T{0) be the net of C* -algebras for the 
real scalar field on M with mass m > and coupling k. If uj is a continuous 
quasifree state over the quasilocal algebra T , then for each open set O the von 
Neumann algebra jF{0) = ^(^(O))" is equal to the von Neumann algebra 
JF(£{P)) = 71^(^(8(0)))" , i.e. the local field algebras of an open set and its 
envelope coincide. 
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Proof. Let \i be the scalar product on W inducing the state u. By proposition 
PI it is sufficient to show that r}{C™(0,R)) is /i-dense in rj(C^(£(0),R)). 
We show that a /^-continuous linear form ?/> on W vanishing on r)(C^(0, R)) 
vanishes on the set rj(C^°(£(0), R)). Note that ^ := *l>(r}(-)) is a real-valued 
distribution in P' and a solution to the Klein-Gordon equation. By assump- 
tion ip vanishes in O and by theorem |3.2| it vanishes in £{0). Hence, the 
theorem is proved. □ 



Remark 5.2. Of course the same conclusion holds on general spacetimes 
with metric locally analytic in the time as soon as the field operator satisfies 
the Klein-Gordon equation. Here we specialized to the case of a globally 
hyperbolic spacetime since we gave the construction of the field only in this 
case. 

Given a local net of von Neumann algebras O — > J-"(0) on a spacetime M 
one may define the local algebras associated to curves (see |36|). For a curve 



7 : I — > M which is contained in a compact subset fC C M we define the 
algebra of the curve to be the von Neumann algebra 

Hi)'= p| HO). (10) 
An immediate consequence of our theorem is 

Corollary 5.3. Let the assumptions of theorem \5.1\ be fulfilled. Let O — > 
T{0) be the corresponding net of von Neumann algebras (see the end of 
the previous section). If 7 : (0,1) M is a timelike curve which can be 
continued to a curve segment 7 : [0, 1] — > M with endpoints p and q. Then 
the algebra ^(7) coincides with F(I (p, q, 7)). 

This shows that the algebra of a timelike curve coincides with the algebra of 



a neighbourhood of this curve. This was conjectured in [|36|, p. 239 to hold 
for globally hyperbolic spacetimes and our result may be seen as a partial 
positive answer. Another application is 

Example 5.4. // (S, h) is a complete connected Riemannian manifold the 
manifold M := Rx S with metric g :— dt ® dt — h is a globally hyperbolic 
Lorentzian manifold. Such manifolds are called ultrastatic. If O C S is non- 
void, then one can show that the envelope of the set R x O coincides with 



13 



M. The same holds for any metric that is conformally equivalent to g. If f 
is a positive function on M which is locally analytic in t and (M, g) is the 
Lorentzian manifold with metric g := f ■ g then the local algebra JF(R x O) of 
the real scalar field on (M, g) coincides with the quasilocal algebra jF whenever 
O is non-void. 
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